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Fourier transform instruments are common in the modern laboratory. While an
understanding of the Fourier transform is not necessary to operate an FT instrument or to
understand its advantages, it is useful to have at least a pictorial notion of how it works, since
“FFT concepts tend to remain an abstraction not easily grasped and certainly readily forgjptten.”[
A graphical approach is suggested here. The four Mathcadments in the accompanying
collection carry out Fourier transforms on fabricated data sets and graph both the original and the
transformed data. The resulting graphs are familiar &jelsdwever, unlike a printed page, a
Mathcad document can be experimented with in order to obtain a feel for the relationship of data to
its transform.

The four Mathcad documents are structured similarly; variables and parameters are named
in corresponding ways in each of the documents. Here, the focus is on the data, and the related
laboratory instruments are not discussed. Detailed descriptions of instruments are readily
available, of course, and references are suggested below.

Introduction
Fourier analysis
Functions satisfying the Dirichlet conditions (one of which is periodicity) can be written as
a sum of a series of sines and cosines, called a Fourier series. For example, the sum

f(t) = 3 n™* sin[n(2Tw)], 1.

n = 1,3,5..., approximates a square wave. In the reverse of this process, given a waveform, one
can determine its frequency makeup by Fourier analysis.

The Fourier transform

The Fourier transform relates a function to another function of a conjugate variable. In
chemistry, the most common conjugate pairs are time/frequency, which occurs in short-pulse
experiments such as ultrafast laser spectroscopy and FTNMR; and length/wavenumber, which
occurs in FTIR.

Fourier transformations of some functions can be carried out analytically, but in the case of
experimental data this is not possible. The discrete Fourier transform does not transform the
continuous function; it takes a number of evenly spaced points that sample the function and
produces a sample of the transform. The fast Fourier transform (FFT), an algorithm "brought to
the attention of the scientific community by Cooley and Tuke} takes advantage of redundancy
in the process of calculating a discrete FT; for example, in the casdasfidoints the calculation
is shortened by a factor of roughly*%k. [3,4] This algorithm and computer hardware
implementing it have made FT instruments practical.

Discrete data imposes limitations, however. Suppose samples are taken at time intervals
for a total sampling time of A. Then the highest frequency that can be unambiguously identified in

the FT, the Nyquist frequency, istj2. The resolution of the spectrum (i.e. the FT) will be at best
A™. These important factors are explored in the accompanying documents.

1 Mathcad is a registered trademark of MathSoft, Inc.



Mathcad documents

Four Mathcad documents have been developed to illustrate different aspects of the Fourier
transform. No prior familiarity with Mathcad is required to work through them. However, some
of the exercises require the student to edit and format equations and graphs. If the remarks
contained in the documents do not provide sufficient guidance, the Help file or the manual can be
consulted.

The documents have the following structure in common. m is the number of data points in
the data set or array ("vector" in Mathcad parlance) to be transformed;. nfEh& number of
elements in the vector must be a power of two in order to use FFT, although the CFFT function

does not have this restriction.) The sampling intervafas time/frequency andl for the IR
simulation. The vector holds fake experimental data. Along with a second variable t or x, there
is a set of m pairs,(ly,), time vs. intensity; or (xy,), length vs. intensity. The transformyof
produces a vectof with half as many elements, yielding a set of data pairs of frequency vs.
intensity, (f, Y)); or wavenumber vs. intensity, (W).

Best use can be made of the documents by experimenting with the parameters. As a guide,
many numbered exercises are included, which could be used as the basis for a written assignment.
Please note that best results will be obtained when the Automatic Computation option in the Math
menu is NOT checked.

FT1lintro.mcd: Fourier analysis of a waveform

This introductory document illustrates in detail how sampling gives rise to the Nyquist
frequency and aliasing. The limits of spectral resolution are also explored. In order to illustrate
the speed advantage of the FFT, an integral transform is done.

The waveform in this document has two frequency components. The wectoset of
samples of the amplitude, evenly spaced in time. The Védthe Fourier transform of it
shows the frequency makeup of the waveform. The frequency corresponding to the jth element of
Y is jit,,wheret . is the sampling time.

FT2IR.mcd: Fourier transform of an interferogram
In an interferometer, a beam of light is split into two beams, each with half the original
intensity. These two beams travel paths whose lengths differ by x before recombining to form one

beam again. The electromagnetic fields due to light of wavelangtésent in the beam will

interfere constructively when x 2Ann an integer, and destructively when x = (n+/2)ooked

at the other way around, light of a given wavelength will contribute to the recombined beam for
some values of x but not for others. Thus the graph of intensity of the recombined beam vs. the
path-length difference x, called an interferogram, contains information about the frequencies
present in the beam. In fact, the Fourier transform of the interferogram is a partial frequency
spectrum of the light source.

If the light passes through an absorber, its frequency content is changed, and this
information is contained in the interferogram and its Fourier transform. This is the principle of the
FTIR.[5,6] Three advantages of this method of acquiring the spectrum are (1) throughput: low
light loss due to simple optical system; (2) multiplex: the whole spectrum of the source arrives at
the detector; and (3) high wavenumber accuragg,g

In this Mathcad document, the inverse FT is used to generate an interferogram from a
spectrum: a simulated black body (no ®water added!) with two notches representing

absorption. The sampling interval, 6.328° cm, is the wavelength of the HeNe laser used to
monitor interferometer movement, and cannot be altered on a standard instrument. The only



accessible experimental parameter is the distance traveled by the interferometer mirror, which is
proportional to m in this document. The relationship of this to the resolution is investigated in
some of the questions within the document.

The intensity of light of wavenumber w at interferometer position x is givehdy [

y(x,w) =Y (w)[L +cos@rwx ] 5
in which Y(w) is the spectral intensity at w. The total intensity at position x is the integral over the
spectrum:

y(x) = x Y (w)[1+cos(@rwx Jdw . 3.

0

The first term is a constant while the second is the Fourier transform of the spectrum:
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The skeptic will object that using IFFT followed by FFT is circular reasoning. However,
direct calculation of the interferogram using Equation 3 is tractable only if Y(w) is very simple,
and Equation 4 shows that the two procedures are equivalent.

FT3Pulse.mcd: Fourier transform of a pulse

A continuous source of radiation (a continuous-wave laser, for example) can be highly
monochromatic, that is, have a narrow frequency distribution. A short sample of a wave (a laser
pulse, for example) must contain a range of frequencies. The relationship between spectral
bandwidth and pulse duration is given approximatelylldy [

AVAt > 0.5. 5.

This is illustrated in the Mathcad document by comparing the transform of a long section of a
monochromatic sine wave with that of a short section of the same wave. The fundamental
frequency is set as 100 Hz and the total sampling time A is set at 0.5 s. The default pulse is
square, but the important case of a Gaussian pulse is investigated in Exercises 3.6 and 3.7.

FT4Free Ind Decay.mcd: Fourier transform of a free induction decay

FTNMR has been compared to evaluating a bell by striking it and analyzing the resulting
ringing.[12,13 A short RF pulse is the blow while a transient oscillating magnetic moment is the
ringing. The fundamental frequency of the pulse is near the Larmor frequency of the nucleus; as
demonstrated before, a pulse must contain a range of frequencies. The pulse is short enough that
all nuclei of interest (with slightly different Larmor frequencies due to different chemical
environments) are irradiated equallyf] The oscillating magnetic moment is detected by the
NMR’s receiver; each affected nucleus contributes a frequency to the oscillation. Like a bell's
ringing, the signal dies away with a characteristic decay tiyng¢ II5] This free induction decay
(FID) is referenced to the fundamental frequency and recorded, then Fourier-transformed to obtain
the frequency spectrum (i.e. the NMR spectrum) of the sample, in which a peak appears for each
nuclear frequency present in the FID. Typical protgrtifes in liquid samples are on the order
of 10 s.Ll6] The full range of the NMR spectrum is around 10 ppm (e.g. 100,000,000 to



100,001,000 Hz for a 100 MHz NMR), so the frequedifferencebetween fundamental and FID
signal is digitized. Complete descriptions of the pulsed NMR experiment may be consulted for
details. [12-18]

The Mathcad file contains an artificial FID with 3 frequencies having 3 different decay
times, which is then transformed. Many NMR peaks are extremely narrow, corresponding to long
T,* times. However, in this demonstration thg imes are made short enough that their effect
can be appreciated.
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