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In the 1930's a theory was devised by Huckd (1) to treet the p eectrons of
aromatic hydrocarbon systems such as benzene and nagphthalene. Thistheory can dso be
applied to conjugated systems. Huckel theory can lead to some interesting, vauable
predictions even though it is not a quantitative theory. The underlying premiseisthat the
reactive properties of molecules result from the character of the highest energy dectrons,
which are, inthe case of conjugated molecules, the p dectrons.

Surprisingly, the Journal of Chemica Education has seen few papers addressing
Huckel theory (2) in recent years. Usudly, in order to do Huckel calculations one would
either work through them with paper and pencil or use a canned computer program
designed specificdly for such calculations. Hedly (3) provided direction in the use of
Mathmatica to generate Huckel results, and many other authors in JCE over the past twenty
years have described computer programs devel oped to carry out Hucke calculations.

It is hoped that the following offering will prove to be a new and useful tool.

Objectives. The student will be able to
1. congtruct a secular matrix for a conjugated system and solve it
2. interpret the results of aHucke caculation
a. to get an energy leve diagram
b. tofill orbitals with dectrons and show HOMO and LUMO levels
C. to generate molecular orbitals as linear combinations of atomic P orbitas
3. predict the lowest energy electronic absorption of amolecule
4. predict the most likely ste for eectrophilic or nucleophilic aromatic subgtitution.

Knowledge Assumed:
Y ou should have seen the solution to the Schrodinger for smple systems
and be aware of the postulates of quantum mechanics with an under-
ganding of orthogondity and normdlization.
A basc knowledge of molecular orbital theory would be helpful.
A passing knowledge of the linear variation method will be assumed.
Y ou should have a reasonable knowledge of undergraduate organic chemidry.
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Notes to the Student:

The student isto read and study what iswritten in maroon. Problemsareinteal
and are numbered, and equations and titles arein black. Carry out your solutions to the
problemsin Mathcad, but organize your answers to be handed in on paper drawn negtly or
with the help of aword processor (preferable) and labeed with the problem numbering given
in this documen.

Graphicsin this document were generated with 1S1S/Draw, Hyperchem, and Microsoft Word.

Rather than attempt a completely forma development of the theory some examples
will be solved to illustrate the technique. Then, the student will be asked to solve severd
other examples.

The molecules whose structures gppear (respectively) below will be treated by the
theory. They are, in the order shown from left to right, dlyl radicd, butadiene,
cyclobutadiene, benzene, methylene cyclopentadiene, and naphthalene.
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The development that follows (the variation theor em applied to molecular orbita
theory) is mathematicaly involved (algebra and calculus) but not very deep conceptudly. Its
purposeisto judtify the purely MATRIX development we will introduce later. Both methods
give EXACTLY the same results, but with Mathcad, believe it or not, the purely MATRIX
technique is much eader to set up and execute. The more difficult method will be presented
first since the student probably DOESN'T have experience with MATRIX methods. The
results for this more difficult method and for the purely MATRIX method are the same. If
you don't see where everything is coming from at first, don't get too excited, because it isthe
purely MATRIX method we are going to emphasize. BOTH devel opments are methods of
carrying out Huckd Theory.

Allyl Radical:

See the molecule depicted below. The formulais C3Hs and could be viewed asa
propylene that has lost a hydrogen atom from the methyl end. The molecule is symmetrical
and each carbon atom is assumed to be 92 hybridized. The carbon atoms must be
numbered in order to keep track of them, but the numbering shown isarbitrary. All one must
do is choose a numbering and then use that numbering consistently throughout subsequent
cdculations. The numbering establishes the connection of atoms.

2
1 3

The next order of businessisto identify the basis set of p-type atomic orbitals. In this
case there will be three: { P1, P2, P3}. The subscripts refer to the numbered carbon atoms

given above. These are dl p-type orbitas whose lobes lie above and below the plane of the
molecule, the plane defined by the carbon atoms.
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In order to give you asignpost here, the ultimate objective of Huckd theory isto
determine the molecular orbitals in terms of the atomic orbitas. In the case of dlyl radica
there will be three molecular orbitals formed. In generd, there will dways be as many
molecular orbitals formed as there were atomic orbitals to begin with. The mathematical form
of these molecular orbitasis:

MO = ¢p j"P1+ Cp P2+ C3 j*P3 (1)

Thecondants: ¢; j,Cy jand cz, jare numberswe will determine by one of the two methods

outlined bdlow. Theindex "i" would take on values 1, 2 and 3 for each of thethree MOs
that will result.

Now for thefun. The starting point in the gpplication of the variation principleisto
set up the expectation vaue for the energy, <E>, in terms of the generd molecular orbita
formulagivenin eguation 1. To make the notation easier to follow, the second index is
ignored in the following development. Remember that there will actudly be thr ee sets of
three coefficients when the problem is completely solved.

The garting point for the alyl radicd is given below.

7

OO

5 v Hy dt
0

<E>=
Q v
0
5 VY dt
0
Q
g (C1>Pl + CoPo + 03>P3) H (01>P1 + CoPo + C3>P3) dt
0

<BE>=
0
g (C1>P1 + CoPo + 03>P3) >(C1>P1 + CoPo + 03>P3) dt
0
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H isthe molecular Hamiltonian for dlyl radical. Thisis dready pretty complicated. We
need to expand these products of trinomias and will do so by treating the numerator and
the denominator separately.

The Numerator:
After application of the digtribution principle of multiplication we get nine terms
which have been separated into three integrals with three terms in each:

OO

(Cl>C1>P1>HP1 + CPCoPHP) + Cl>C3>P1>HP3) dt

oo

OO

+ (02>C1>P2>HP1 + CCPoHP) + CZ>C3>P2>1-IP3) dt

oo

OO

+ (C3>C]_>P3>HP1 + C3CoP3pHP, + 03>C3>P3>HP3) ct.

oo

We will amplify this expresson by making the following assgnments

9

a=2 PHPdt
8
g

b="> PpHP
8

In the expression for b, if @aom i isnot connected directly to aom j, the integral will be zer o.

These substitutions grestly compact the nine term expression, and because two of the atloms
are not connected, two of the nineterms are zero:

Revised 5/02 5 Author: James M. LoBue
Huckellvs2001.mcd



C1XC1»a + C1Cob + 0
+C2>C1h + CoxCoxa + C2C3h
+0 + C3xC2*h + C3xC3|

The zeros have been |eft in intentiondly for darity.

The Denominator:
Expanding the denominator gives (nine terms again):

OO

(C1>C;|_>P1>P1 + CPCoPPo + C;|_>C3>P1>P3) dt

oo

OO

+ (C2>C1>P2>P1 + CoxCoPoPo + C2>03>P2>P3) dt

oo

OO

o>

To amplify this expresson we will assume

(e} o)

PisPjdt = dj

oo

+ (03>01>P3>P1 + C3CP3Po + 03>C3>P3>P3) ckt

Thefactor, dj j, iscaled theKronicker delta. If i = jthen dj jwillbeequatol If iz j

then dj  j will be zero. This makes the P orhitals orthonormal.

Thisintegra represents the OVERLAP of orbitals. If there is no overlap, the integrd will be
zero. However, the overlap between BONDED atoms should NOT be zero, so thisintegral
should not be zero if aiom i is connected to atom j. Surprisngly, Hucke caculations assume
the overlap of bonded atoms to be ZERO, an approximation that makes the calculations

ampler. In spite of this, the results are il quite useful!
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1. Explanwhy it isaparadox to assume the above integra to be zeroif i t j.

The result is that the denominator becomes
C1>C1 + CoxC2 + C3C3.

Pretty smple, actudly.
Thus we can write the expectation vaue for the energy (numerator over denominator) as

C1>C1a + 2°C1°C2% + C2xCoxa + 2XC2xC3xh + C3>C3a
<E>= )
C1>C1 + C2xC2 + C3C3

All we need to do then isto determinethe"c" (coefficient) values. We will find these vaues by
using the linear variaion principle which is explained below.

Thevauesof a and b are assumed to be constants which can be determined for a
family of molecules. Asamatter of fact, this has been determined for a series of conjugated,
cyclic hydrocarbons by afit of HOMO energies to ionization energies for some 33 molecules.
This was done by Brogli and Heilbronner (4) in 1972. They foundthata =-6.6 €V and b =
-2.7 eV. The purpose presenting these valuesis to emphasize for the fact that these quantities
are to be treated as constants, not variables.

The Linear Variation Principle

The basic concept is andogous to your typica "min-max" problem. Recal that the
procedure in such a problem isto set a derivative equal to zero. In this case we seek the
minimum in afunction that is multidimensiond rather than one that follows a smple one
dimensond modd like y =f(x). Further, instead of dedling with varidbleslike x and y, we
will take derivatives with respect to the coefficients, ¢;, ¢,, and ¢z inthe case of dlyl radicd,
for ingtance. Yesindeed we will have to take derivatives with respect to each of these
coefficients, setting each result equd to zero, symbolically.

1<E>
T¢

For molecules with more carbon atoms even more work would have to be done, i.e. more
derivatives.

=0
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For the alyl radical |et's begin by taking the derivative of eguation 2 with respect to c;.

ﬂ<E>_
1c

(2>C1>a + 2>Cz>b) >(C1>Cl + CoxCo + 03>C3)

(cprey + CpCp + C3ca)”

(Cl>Cl>a + 2>C1Cob + CoxCoxa + 2XCoxC3%h + 03>03>a) >(2>Cl)

(cpep + cpcp + C3ca)”

The reason this|ooks so nagty isthat we are taking the derivative of afraction. The
procedureis (recdl from Caculus|) "the derivative of the numerator times the denominator
minus the numerator times the derivative of the denominator ALL over the denominator
squared.”

This equation can be further smplified by recognizing <E> (equation 2) in the second
term, and by canceling one of the factors in the denominator in the first term. The result is

1<E> (2>cpa + 2>¢b)  LEs

1¢C (Cl>C1 + C2xC2 + 03>C3) (Cl>C1 + C2xC2 + 03>C3)

2xC1

We next st this expression equa to zero. The expression will be zero if

(2cpa + 2¢pb) - <E> 2x¢1 =0
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Of course we should then solve for ¢4, but this would be a problem since we don't yet know
the value for ¢,. So what we have to do is go back and take the derivative of equation 2 with
respect to ¢, and c3 respectively. Theresult will be two more expressons that must be set
equa to zero giving us three equations in the three unknowns ¢, C,, and cz. The three
equations are given below. They have been dightly rearranged to collect like terms.

cXa-<E>)+c,xp+c,x0=0
Cxp +Cxa - <E>)+C;x¢ =0 (3)
cX0+C,xp +C,xa - <E>)=0

2. Take the derivatives with respect to ¢, and c; to verify these equations.

The "zero" terms have been l€ft in the expressions to show the symmetry of the equations.
Actudly, there are FOUR unknowns here including the energy, <E>, which means we will
have to bring in another equation a some point. Aswith any problem in which severd
unknowns are to be extracted from a set of equations one must aways consider the possibility
that thereisNO solution. A test for this comes from the redm of linear algebra. A system of
equations like thiswill have a nontrivid solution if the DETERMINANT of the MATRIX OF
COEFFICIENTS gives a zero result. Now in order to understand this sentence you will have
to understand what the matrix of coefficientsis and, further, what a determinant is.

Fird, let us define what the matrix of coefficientsis. From the system of equations shown
above, one can see that the "coefficients’ are the factors like a-<E> and b that multiply the
unknowns ¢4, ¢, and c3. We will keep the equations aigned according to the"c" unknown,
and then extract the coefficients to give the following metrix.

-E b 0 &
b a-E b =

0 b a—EE

Note that E has replaced <E> in thismatrix. For the student, the entriesin a given column are
the coefficients of the same unknown in the origind system of equations. Thefirgt column
contains coefficients of ¢, the second of ¢,, and the third of c;.
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Next we have to carry out the determinant operation. Thislinear dgebraic operation is one of
severa common manipulations. Mathcad can do this rather trividly through the symbolics
menu. The pathway is"symbolics-matrix-determinant.” 'Y ou must first make the cursor
"surround” the matrix you are operating on. This determinant is also caled the " Secular
Determinant.”

& -E b 0 00
gg -
detcc b a-E b =0
& 0 b a-EBE

Mathcad gives a polynomid expresson for the determinant in terms of the symbols, a, b, and E
that can be seen below.

3 2 2 2
a - 3a £+ 3>a>E2— 2sah - E3+ 2>

The secular determinant expangon must vanish for there to be anontrivia solution to
the original set of equations. Notice that if we set this expression equd to zero, the only
unknown, <E>, becomes the variable in a cubic equation. That meansthat there will be
THREE possible answersfor the energy. This should not be surprising if you remember that
THREE MOs must result from thisanadlyss. Each of those MOs should have its own energy
which as you can see is delivered by the determinant! Further examination of the determinant
follows this problem.

The Mathcad operation that finds the vaues of <E> that make the polynomia vanish
Iscarried out by firgt putting the cursor next to "E" in the above expresson, and then using the
symbolics menu, "Symboalics-variable-solve™ The following three vaues for the energy result.

2 0 0
ca+\2b+
da- V2b g

Now, the problem of finding the coefficients, ¢;, ¢, and c3 amounts to solving three
equations in three unknowns, see equations (3) above. Thiswill have to be repeated for all
three energy vaues generated. When dl is said and done, to solvethe dlyl radica problem will
require the solution of three equations in three unknowns THREE TIMES!
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For the first vaue of the energy, a, equations (3) become,

C,x@ -a)+cC,xp +Cc,x0=0
Cxp+Cyxa-a)+rcxp =0
C,x0+¢C, xp +C, o - a)=0

which will smplify to

c,xp =0
C,xp +Cyxp =0
c,xp =0

Thiswill givec, =0 and c; = -c3. But asyet, numerica factors for these coefficients cannot
be obtained. We need another equation which we can get if we demand that the molecular
orbitals be NORMALIZED.

MOq = cP1- cpP3 = C1>(P1 + P2)
To normaize MOy, the following integral must be solved.

. 9
g MO1>MO1 dt =g (c1P1- cpP3)cpPr- cpPg) dt =1
(0] (0]

g
Cl>C1><0 (P1>P1- 2P P3 + P3>P3) d =1

(0]

Recalling the expression given earlier,

OO

PisPjdt =dj |

(e} o))

amplifiesthe normdization integrd to,

C1C1{1- 20+ 1) =c1C12 =1
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C1L =

ol

1
MO = — Py - P
1 \/_2(1 3)

Just one set of coefficients has been determined. The determination of the other two sats will
require the subdtitution of the other two <E> vaues.

E=a+y2b E=a-+2%b
Clx(\/ExB)+(:2xB+c3xO:O Clx(-\2x5)+czxﬁ+csx0:0
C, xp +CZX(\/§XB)+03XB =0 C, xB +sz(- »\/Exﬁ)+(:3x[3 =0
¢, x0+c, xB +C3><(«/§><[3):0 c, X0+ c, xp +Csx(-»\/§x[3):0
Which will give,
MOz = c1{P1- V2:P2+ P3) MO3 = c1{P1 + V2P + P3)

When normdized the mathematica form of the molecular orhitasis,

1 1
MOy = E>(P1- V2:P2 + P3) MO3 = E>(P1+ V2:P2 + P3)

So what in heaven's name is a determinant. It can be along involved operdtion if the
matrix islarge, but Mathcad can figure it out in the wink of an eye. Just to give you an ides,
though, it is essy to take the determinant of a 2X2 matrix without the help of the computer.

Thisis shown below. "det" means "the determinant of" in matrix-pesk.

detee. 2= ad- ob
géC dgp
The determinant of amétrix is easy to cdculate if you know vauesfor a, b, ¢, and d. The
theorem for a2X2 matrix is stated succinctly below.
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s b oo
detce —~=ad-cb=o0
gecC dgg

Soif the determinant of the above 2X2 is zero, then it must bethat axd = cb.

3. For the following 2X2 matrices, work out the values for the determinants. Show al stepsin
your procedure. Thisisagood opportunity for you to practice the smplify function in the
Symbolics menu.

els 3g els 4g

4. Given thefollowing set of two equations in two unknowns, determineif this set of equations
hasared, nontrivid (trivid meansthat al as =0) solution? Explain.

QA+ a2 =0

A5+ a8 =0

In the case of the dlyl problem, the determinant is a bit more complicated.

am-E b 0 00
g(; -
detcc b a-E b ++

gd 0 b a- Egg

It is done by reducing from one 3X3 to three 2X2s. The three 2X2s are formed by
multiplying the eement at the top of each column of the determinant by its MINOR. The
MINOR in an NXN determinant is formed by choosing the (N-1)X(N-1) columns and rows
that omit the column and row eements common to the top element. In the case of the
determinant above,

@a-E b 0 00
cC - a - E b 0 b b 0
detgg b a-E ©b ++=(a- E)>C - bx =
~~ L e b a-Eg @0 a- Eg
g o0 b a- Egg
ap a- Eo
+ 0 +
e0 b g
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the determinant of the matrix was made Smpler because of the zerosin the origind matrix.

@ -E b 0 00
c¢ - . > o
ddg,g b a-E b ++:(a-E)>§'(a-E)-bC-b>é)>(a-E)-0£+0

~~

& 0 b a-Egg
Which further smplifiesto give
(a- E)S— (a- E)>b2— b2>(a— E) = (a- E)3— 2>b2>(a— E) =0

5. For the three energy values found earlier using Mathcad's symbolic processor, verify this
equation. That is, substitute each of the energy values given to show that the expresson above
equals zero.

Molecular Orbita, MO; is shown below in the graphic that was generated using
Hyperchem 5.1. Note that the orbital lobes are situated around the two end carbon atoms, but
not around the middle carbon atom. Thisis consstent with the mathematical representation
aso given below in which there is no contribution from P>. Note a so that the phase of the two

orbitals around the two outer carbon atomsis reversed as reflected in the minus sign shown in
the mathematica representation.

1
MO; = — Py - P
1 \/_2(1 3)
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The Huckel molecular orbita results as linear combinations of atomic, P, orbitas for the dlyl
radical are summarized below.

1
MO = — Py - P
1 \/_2(1 3)

1 1
MOy = E>(P1- V2:P2 + P3) MO3 = E>(P1+ V2:P2 + P3)

Energy

/I\ | E:a+"/§b

The energies of the molecular orbitas are displayed as an energy leve diagram with
electrons depicted as arrows added pairwise sarting from the lowest energy level. The
lowest energy isindeed the a + \/2b vauesince both a and b are negative numbers.

There are indeed three dectronsin the p system of the dlyl radica.

The energy vaues obtained so far refer to the energies of the molecular orbitals and
NOT thetota p energy of the molecule. For ahighly approximate theory like Huckd Theory,
one can clam that the totd p energy of the molecule is the sum of the orbital energy of each
dectron. Inthecaseof dlyl thiswould giveatota p energy of 3a + 2x/2»%. For amore
sophigticated molecular orbita method in which ectron repulsion is taken into account, the
total eectronic energy cannot be assumed to be the sum of the orbital energies of the
electrons. Thiswill double-count electron repulsion energy and give an erroneous answer.

6. Show that MO, is normdlized.
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Hereisabrief summary of the steps used to generate the molecular orbitals and their energies.

1. Write the molecular structure and number each conjugated carbon atom uniquely.

2. Set up the Matrix of Coefficientswith a's on the diagona of the matrix and b's off

diagond only in pogitions that represent carbon atoms that are bonded together.

3. Set the determinant of the Matrix of Coefficients equd to zero, and solve for dl possble
<E> vaues. Therewill be as many <E>'s as there are conjugated carbon atoms.

4. For each <E>, snlve a system of equations to get Atomic Orbita coefficients. Usethese
coefficients to cregte the linear combination of atomic orbitals used to define the
molecular orbitas. Y ou will have to use the normalization condition to nail down
the actua numericad vaues for the coefficients

5. Summarize the cdculation by tabulating the molecular orbitas as linear combinations of
atomic orbitas dong with the corresponding energy.

6. Congruct an energy level diagram from the <E> vaues you cdculated and add electrons
to the diagram. 'Y ou should have only as many dectrons as you have carbon atoms
if themoleculeisneutrd. If it is charged, add eectron(s) for every negative charge,
and remove eectron(s) for every postive charge.

Huckel Theory using Mathcad's Matrix M echanics Functions

Much of what you have learned in the lesson so far can be applied to the techniques
you will learn in the remainder of thelesson. Again, you will work through an example to
illugtrate the techniques rather than attempting to develop a completdly generd formd theory.
Our illudtration will be butadiene.

Butadieneisa4X4 problem.

7. Draw the dructure for butadiene (using an appropriate chemica drawing program like
ISIS Draw or ChemDraw and paste your structure into your file) and number your
conjugated carbon atoms. Findly, givethe basis set of P orbitds (labeled as you did for the
atoms).

8. Congruct the "Matrix of Coefficients' for butadiene as was done for the dlyl radica.
Pay attention to the way the atoms were connected to each other. Remember, butadiene
will give you a4XxX4 matrix. Remember equations (3) for dlyl radicd. These are repested
here for you to use asamodd. Recdll dso the Matcoef matrix given on page 9.

cxXa-<E>)+c,xp+c,x0=0
C B +Cxfa - <E>)+c;x¢ =0 (3)
C X0+ Cxp +Cyxfo - <E>)=0
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Herelet us use adightly different trestment of the equationsin (3). The dlyl equations
can be amplified abit. Dividing BOTH sdes of each equation by b resultsin

Clx@'* C2 X+ C3><O: 0

@-<E>)

c, X1+ c, % +C,"d=0

(@ - <E>)

c, x0+c, x1+ c,y % =0

Next, the factors on the diagona are substituted with the following substitution,

oa-<E>

Xz —«— (4)
B

leading to the set of equations below.
c,xX+C,d+c,«0=0
c,d+cC,xX+¢C,x1=0
c,x0+c,d+c,xX =0

(5)

9. Carry out these same manipulations for butadiene producing a set of equations of four
equations in 4 unknowns.

Asin the previous case, the unknowns:. ¢4, €y, and c3 for the dlyl radica areto be
cadculated. The matrix of coefficientsis just alittle bit different, it looks like the matrix below.
This set of equations (5) could be solved by the determinant method, as we did before, giving
three different vaues of X, which in turn could yield three values of <E> using equation (4).
These vaues of <E> could then be substituted back into the system of equations and three
different sets of coefficients generated. Thisis awfully tedious, so instead we will solve the
Huckel problem adifferent way. Asit turns out, the set of equationsthat has X'sand 1's
ingtead of a's and b'swill give the same vaues for the coefficients with some minor
adjusments. Thismatrix of X'sand 1'sis cdled the secular matrix.

The next step in the processisto replace the X's with zeros.

8@( 1 06 & 10g
cl X 1+ 1017
. r =
@0 1 X a e0 1 0g
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10. Congtruct the secular matrix for butadiene and then generate the matrix for the next step as
shown above.

Now the powerful functionsin Mathcad will be applied. Instead of taking the
determinant, which you are welcome to do on your own, assign a variable name to the secular
matrix for dlyl radica, Hy )y Seen below. The use of the ORIGIN function here will eliminate
zero subscripts. Thus the first molecular orbita will be MO, and not MO,,.

ORIGIN ° 1
& 10g
Hallyl := El 017
&0 1 0g

The subscript ("dlyl™) here utilizes the "period” subscript rather than the "bracket” subscript and
merely actsasalabd. Make sure you understand how to get this matrix from consideration of
the molecular structure,

1. Now we will let Mathcad solve for the X values. This can be done with asingle step by use
of the Mathcad function "eigenvals,” see below. Then the energies can be determined.

1414 4
X = _ega]\/ds(Hdlyl) X = E 0 : X = Q
el4d g p

Note that 1.414 is the same as 1/ 2 showing that this method gives the same results as were
caried out severd pagesearlier. Seethedlyl radica energy level diagram.

a-E
-1414 = —— -1414%h =a- E E=a+ 1414b =a++/2% etc.
b

For those who are detall oriented, you might have noticed the minus sign in the equation above.
This results from the choice of matrix, Haly), to use with the matrix functions. Mathcad needs

to work with amatrix of numbers with no variables. By this choice, the problem we are actudly
solving is equivaent to solving the following determinantid problem:

-1 1 0 060 aX 1 060

gg - g,g, -_—

detcg 1 0-1 1 ++=0 comparedto  detggl X 1 +=

@& 0 1 0-1Igg ee0 1 Xgg
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It may not be obvious to the student, but the use of the " e@gervas' function with amatrix
whose diagond dements are dl zero is equivaent to the one we want to solve except that
the signswill be reversed.

Another quirk of Mathcad's eigenvadue solver isthat the list of "X" vauesisNOT
givenin order. Wewill ded with this quirk in the next section.

11. Generate valuesfor X for butadiene usang the "eigenvds' function. Determine the
vaues of <E> for the molecular orbitals of butadiene using equation (4) above. Note that
you get the energies without doing the determinant setting it equd to zero and then solving
for <E>!' You get thevaduesof X in one step. Congtruct an energy leve diagram like the
one done earlier for dlyl and put p dectronsinto the levels pairwise sarting with the lowest
energy level and stopping when you run out of electrons. Did the X vaues cometo you in
order from largest to smdlest?

2. Withthe X values one can determine the coefficients for the MOs. Mathcad is ared
work-saver heretoo. Instead of the tedious algebra sown for dlyl, the function to use is
caled "egenvecs” Thislesson was originaly prepared with Mathcad 7 Professona. Some
earlier versonslack this function, and in that case once can use the function "eigenvec,”
which gives the coefficients for the molecular orbitas one a atime rather than dl a once.

Continuing on with the alyl example problem, the following was congtructed:

05 0707 05 g s 14145
MOs = eigenvecs(Halyi) MOs = So707 0 -0707" X=9%0 "
& 05 -0707 05 g & 1414 g

The coefficients for agiven MO are given by the vauesin agiven COLUMN! Each column
from I€ft to right corresponds to each X vaue from top to bottom. The X vector is shown

again below. (Remember that the value 0.707 isthe same as é.) The second columniin

M Os corresponds to the second X vaue, 0. In generd, the X vaues will be presented in no
particular order, aswill dso betrue of the MOs. ThisisNOT the case for alyl for some
reason, but will be the case for butadiene as you are about to find out. The first column will
not correspond to the lowest energy molecular orbital in butadiene! This can be corrected.

12. Using the eigenvecs function, generate the butadiene molecular orbitals. Once done,

congtruct linear combinations of the atomic P orbitals for butadiene.

Revised 5/02 19 Author: James M. LoBue
Huckellvs2001.mcd



Mastery Problem

13. Which LINEAR COMBINATION from problem 12 givesthe lowest energy MO? What
isthe linear combination for the second highest energy MO?

It is possible to use Mathcad functions to correct this ordering problem. Here are the
equations and resultsfor dlyl:

MOs := submatrix(rsort(stack(XT ,eigewvec:s(Hd|y|)),1),2,3 + 1,1,3)

X = sort(X)
14145 205 0707 05
X=%o0 ~ MOs = So707 o0 -0707~
~ - ~ -
& 1414 g @ 05 -0707 05 g

An explanaion is caled for here. Thisfunction takes the egenvalues and usesthem to
reorder the molecular orbital coefficients. It does this by taking the NXN coefficients matrix
formed with the eigenvecs function and stacks the eigen values on top of it. This can be seen
below. The"X" vadue for agiven molecular orbita lies on top of the molecular orbita.

w1414 0 1414 4
¢ o5 o077 05 ~
0707 0 -0707 _
05 -0707 05 g

T .
stack(X ,elgmveCS(Hailyl)) =¢
c
e

Then the matrix above is sorted according to the value of X found in the top row of
the matrix. Thisiswhat "rsort" does. For dlyl this step is not necessary, but will be for

butadiene. Finaly, the molecular orbitds are separated from the X vaues using the
"submetrix" function.

w1414 0 1414 4
¢ o5 o077 05 ~
0707 0 -0707 _
05 -0707 05 g

rsort(stack(xT , eigenvetB(Hallyl)) , 1) = ¢
c
e
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Findly, the numbers at the end of the function, 2, 3+1, 1, 3, tell the function "submatrix" to
extract anew matrix from an old one by taking rows 2 through 4 from the old an converting
them to the new matrix where they will become rows 1 through 3. For amoleculewithnp
carbon atoms, you would change the values of 3to n.

The HOMO, the LUMO, and UV-vis Spectroscopy

Once the energies and M Os have been calculated, there are anumber of predictions
that can be made. In the Hucke | lesson a description of how one predicts the lowest energy
UV-vis absorption wavelength will be given. 'Y ou have probably aready been exposed to the
notion of an eectronic trandtion. In such a process, an dectron is excited from one molecular
orbitd to another. Usudly it is the transition from the Highest Occupied M olecular Orbitd,
the HOMOQ, to the L owest Unoccupied M olecular Orhita, the LUMO, that is most often of
interest. In the case of butadiene, this processis depicted below.

Allyl Radica

? [
Energy

Eza - JE b

E=a

T

E=a +,2 b
o

As can be seen, the energy difference between the HOMO and the LUMO is:

a- 14140 - (a + 1.414%) = -2828%

Assuming thevaueof b equal to - 2.7eV given earlier, the energy and the waveength of the
trangtion is expected to be:

m
eV = 160240 19 b= -27€V h:= 6626X0 3*xls  C:= 2998x108%—
s
nMm:= 1x0 9sm
hsc
Wavedength: | = | = 163NM
_2818b
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Thusthe vaue of dlyl's lowest energy absorption is predicted to lie in the Vacuum UV, a
very energetic photon would be necessary to excite this eectron. Unfortunately, the correct
answer is closer to 400 nm, but the fact that we can get this close is pretty amazing. Also, it
is highly dependent on the method used to determine b.

Mastery Problem

14. Describe the structure and basis set, then generate the molecular orbitals (as linear
combinations of atomic orbitals), <E>s, and the energy level diagram (with eectrons) for the
molecular orbitas of cyclobutadiene. How do your results differ from those of butadiene?
Predict dso the wavdength of itslowest energy dectronic absorption.

Mastery Problem
15. Solvethe Huckd problem for benzene. Thistime you don't have to generate the
molecular orbitds, just the X vector and MOs matrix. Congtruct the energy level diagram for

the molecular orbitals and insert eectrons into your diagram.

Mastery Problem

16. Solvethe Huckd problem for methylene cyclopentadiene (see the structure at the top of
the lesson). Thistime you don't have to generate the molecular orbitas, just the X vector and
MOs matrix. Congruct the energy level diagram for the molecular orbitals and insert eectrons
into your diagram. Predict dso the wavelength of itslowest energy absorption.
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Electrophilic and Nucleophilic Substitution

The last gpplication of Huckel Theory involves making predictions regarding some
chemica reactions you encountered during your study of organic chemistry. Specificaly,
we will make predictions regarding €ectrophilic subgtitution and nucleophilic subgtitution.

An dectrophileisa speciesin search of eectron density. Hucke theory can tell us
which carbon aom in a molecule has the most accessible dectron density. By accessible, |
mean eectrons that are of HIGHEST energy, and as you know those dectrons will be
found within the HOMO. Now aso you must know that the eectronsin an orbitd are
gpread across ALL of the atoms in the molecule in proportion to the square of the
coefficients multiplying their respective atcomic orbitals. Therefore, the carbon atom P
orbital with the largest squared coefficient in the HOMO will be the atom most likely to
undergo eectrophilic aromatic subgtitution.

On the other hand, nucleophilic subgtitution involves the donation of eectron dendty
TO the molecule by anudeophile. That eection densty will most likely be placed in the
empty MO of lowest energy, the LUMO. The carbon atom with the largest squared
coefficient in the LUMO, once again, will be the site best able to accept the donated
electron dengty and will therefore be the Site of nucleophilic substitution.

Thistechnique is only haf of the story that will be completed in the Huckd 11 lesson.

Mastery Problem

17. Using the structure below for ngphthaene with the numbering given, generate and order
the MOs matrix and the X vector. Predict the carbon atom(s) most likely to be the site for
eectrophilic aromatic subgtitution. Also predict the Site(s) for nucleophilic subgtitution.
Predict the wavelength for the lowest energy absorption in the UV-vis region of the
electromagnetic spectrum.
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