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Concentrations as functions of time.
Derivation of the Exact Solution for: A— B—C

For this system, the differential equation that express the time dependence of [A] is:

cd kqX
-r—

edt
This integration is easy and a classic exercise in "simple" reactions Kinetics, that you can practice
by yourself. We concentrate next on the more complicated step. For the intermediate:

which integrates

directly as L] =

[A]f-:j: k1q{ Al where a =[A], (the [A] when t =0)
(%]

-k
%t[ B] = kAl - ko B] = kpdae <) - kot -

If we develop d([ B> © | apart:

-k1>(
d[B] = akpe ©odt- kp{B]dt kot) koot kot
[B] =& 24Pl drepe) = %) + [81ad?* - v
kot kot kot koot
d[B] +kp{B]dt = akpe Lodt  (I) e xd[B] + [B]skpe > xdt = e > {d[B] + kX B]xd1)
By comparison we can see that, multiplying the

. . . . ko>t
§2d1B] + ko BIlt) = 6253wk Mt |left hand side of the equation | by e
the sum of two differential terms can be reduced

to only one. In that case, the right hand side must

( kz*) (ko- ky)ot - :
di[B]>e “ | = @z dt (1 be multiplied by the same factor, conducing to II.
 t,[B] 6!
6 kost 0 ko- kq )t .
0 1 d([ B]>e 2 ) = ak>0 e( 2 1) dt assuming here that [B]=0 when t=0
Ot=,[B]=0 Ot=g

- 0 (ko- kq)t e(kz- ky)>0
[B]>e ™~ - 0% = a1 -k ———

2- ki k- ki

ko - k1 ko - k1
& (k- k)t 0 axky )(-klx -k2>()
[B] = L ge - —t P Bl=g e ¢
ko- ki1 € ek2>{ ek2>(l:\ 2- K1

Finally, using the mass balance: [C] = a- [A] - [B]

- ko -kt
- kst ’a>‘k1>‘(-k>( -kx}] k1> - koxe ~
[C]:a-(a>e 1)2 e T -e 2 , p [C]:a>§+ -
g~ ki 0 e k2 - kg 2
(since no calculus is needed here we leave the work to you)
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A(t), B(t) and C(t) for A-B-C system
Checking
We will use the symbolic processor of Mathcad for checking the expressions obtained.

Working with the differential equation that describes the time dependence of [B]
and the functions derived:

kot ak1 X( ~kpt - kzx)
e -e
kq

98] = ky{A] - koX B] A) = a6 B(1) =
dt k2 -

Don't worry in this moment by the "this variable is not defined above" error (red variables in the math
expressions), because we will use this functions not for calculations but for the algebraic
transformations below.

1) With the live symbolic processing we can use the functions names.
- exp(— k1>¢) *Kq + k2>exp(— k2>¢)
ka - kg

The right hand side: KA (L) - kxB(t) simplify ® kpa

- exp(— k1>¢)><k1 + k2>exp(— k2>¢)
ko - k1

That's OK !

and the left hand side:  B(1) smplify ® kpa
dt

2) If you want to use the menu driven symbolic processor, you should work not with the
functions names but with its complete expressions.

- kpt 5 ak) X(-kx -kx\’l.‘,l N exp(- k13)Xky - koxexpl- kpxt
k1>‘(a>e 1 ) kot e V.o 2K simplifiesto  akg (ke (k2]
&2 - ki Q ko + kg

A 2k -kpt - kot e exp(- k1%)%kq - koxexp(- kox _
9?—1 e T .e 2):*,' simplifiesto  axq p( 1) 1° " p( 2) This works too.
digk2 - k1 0 ~ko + k1

3) The checking can be done directly, for example, rearranging the initial differential equation to:

.. and writing that in the live  d

i B(t) - k1A (t) + koxB(t) smplify ® 0
symbolic processor language  dt

d
—[B] - ki{A] +kx{B] =0
dt

... we obtain the expected result.

With any of these strategies you can check the solution for [C] by yourself. Good luck!

Jorge A. Carrazana Garcia Univ. Santiago de Compostela
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Rate Expressions and N —
Mass Balance for the system: A B c

The analytical expressions for the reaction rates as a function of time in a reaction scheme of
the type A - B - C, are obtained. By starting from the mass balance applied to this system,
the relationship between the reaction rates is obtained, highlighting the case of initial rates.
Mathcad Symbolic Processor is used when deriving the rate equations of [A], [B] and [C], and
when evaluating the limits. The equations obtained are proven by means of an interactive
graph. An animation is presented that summarizes the cases from t = O until the end of the
reaction. General equations that permit these calculations and graphics, in the case in which
ky =ko, are presented.

Objective:

To obtain analytical equations for the reaction rates as a function of time and use the mass
balance to show the relation between them in a particular reaction scheme.
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Rate Expressions and
Mass Balance for the system: A—B—C

For this system, the analytical equations that describe the time dependence of the
concentrations are:

. kot Kot
- k% k1 a- kpt - kote S 1€ 2" koxe ! 9[1

A(t) = ae B(t) = age -e ¢ Ct) =a¢l + ¢ o
ka- ki 6 & k-kog

Double click here to see the derivation of these equations

Rate definitions according to each reaction participant and Rate expressions: (any time)
_ @, 0 @ a_ - kot :
VA = - F-A()2 - gae g yields  akgexp(- kpx)
edt g ait a
A A k -kt - koA . k
VB = rf“iB(t)Q d_g—1>a>eae Tle 2}' yields —1>a>(- k1>exp(- k1>t) + k2>exp(- k2>t))
edt g dtgko - kg G (ko - ka)
g S - kpt -kt
o o) d 1€ - koe =LL . (- k1>k2>€‘)(p(- k2>() + k2>k1>e)(p(- k1>())
Ve = F—C(t) = —zagl + o «v  Yyields
&t g dg & &  ke-ki g0 (k2 - ka)
Initial rate expressions: (rate at t=0)
lim  (avkpexp(- kpt)) yields axky
® 0
Note that the initial rates
A k Y . . A
lim g—lxap( kpexp(- kpt) + kpexp(- kzx)):fl yields aky are in the relation:
t@ o dke- ki) a
va=vg and ve=0
A (- kpkoexpl- koxt) + koxXkpexpl- kpx)) () .
Iime(lz (o) + ko (1)):" yields 0
t® 08 (k2 - k) v
Mass balance a=[A] +[B] +[C]
as a = Constant
at any time daw +LBwy +9ce) =0
dt t dt
or ~Vp + Vgt Ve =0 Then, at any time v, =vg + Ve

ifat t=0 [B], =[Cl, =0, then (VC)O =0 (as C cannot be formed or consumed at t = 0)

and (VA)O = (VB)O The same result obtained before.

Jorge A. Carrazana Garcia Univ. Santiago de Compostela
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A-B-C rate expressions & mass balance 2

Checking
: - kot - k@)
- k1>t k a - k1>t - k2>t(' 1>e 2 - k2>e ! $
A(t) = a¢ B(t) = ee -e ¢ C(t)i=a¢l + ¢ e
ko - ki & e ko - ki dl
-kt
ratea(t) := akpe — tangp (1) = (tref - t)raten(trer) + Altrer)
(o] 1_
a*l a - k2>t - k1>t('
rateg(t) := m— gkoe - kpe g tangg(t) := (t - trer)raten(trer) + B(tref)
-k
a a - k1>¢ - k2>¢(
ratec(t) := P ekokpe - kpkpe g tange(t) = (t - tres)ratec(trer) + Ctrer)
-k
tfi tfi aef - DO
Npts := 50 t:= Os,—m..tﬁn Dt := il time:= ¢ <
Npts 13 glref + Dt
mol mol mol 5 I
Altrer) = 001872 ® B(t) = 01817 ® Cltrer) = 08012 rateg(ter) + reteqtrer) = 3663 10 3?
>s
S |
T ratep (tref) = 3.663° 10 3%
A tref © 208
A(Y)
tang (time)
B(Y) v
tangg(time) k1 ° 0.2s
C(t ]
co kp© 0125
tang~(time)
..................................... tfin © 60s
30 40 50 60

t,time, t, time, t,time

Change the value of t,¢ from o (initial rates) to any reaction time and explore different cases.
(Note the difference between rate and tangent line). You can also play with ki, ko and tsip
Observe that the expressions used up to here are not "singularity proof" (see next page).
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A-B-C rate expressions & mass balance

@ABC rates.avi == Doubl.e click in thI.S region to see an animation
showing all the situations fromt=0 to ts;,=6.

More general expressions for B(t), rateg(t), C(t) and ratec(t) that avoid the "division by zero" error
when k; =k, can be used. The method for the derivation of such equations is presented in the

worksheet A-B-C k1=k2.
Double click here to see: A-B-C k1 = k2

k1 a- kpt - ke
e e Cgif (kyt ko)

B(t) =
(1) o ke
1t -kt therwi akq ko k%¢
a x otherwise a - K2 - K1AC
1 rateg(t) = ke - kpe g if (k1 t ko)
2°- K1
a>k1>(1 - k1>t)>e otherwise
: - koot - kptd
g %?(Pe ral . 1 $ |
C(t) = |l + ¢ 5 it (ke ko)
e e kz- kg dl
a kpt ¢ -
age . kpt- 1ge otherwise
a a - k1>¢ - k2>¢( i
ratec(t) = o klék1>k2>e - kpkpe g if (Kot k)

2, - kpt .
aky e otherwise

el ToC @ln_o & | Bxard
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Rate Expressions and N —
Mass Balance for the system: A B c

Exercise:

Apply the method used in the worksheet to the system A = B - C. Compare the
reaction rate equations obtained for this system with those for A - B - C, especially when
t = 0. Comment on the results.

The analytical equations for [A], [B] and [C] in the system A =B - C
can be found in the references below and in the worksheet: A=B-C exact & numerical

References:

C. W. Pyun, "Seady-State and Equilibrium Approximations in Chemical Kinetics',
J. Chem. Ed., V0l.48, pp. 194 - 196, March 1971.

V. Viossat and R. . Ben-Alm, "A Test of the Validity of Steady State and Equilibrium Approximations
in Chemical Kinetics', J. Chem. Ed., Vol. 70, No. 9, pp. 732 - 738, Sept. 1993.
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Expressions for the time when [B] has its maximum
value and has an inflection point in the system: A— B—C

For the system A - B - C expressions are obtained that allow the time corresponding to the
maximum in [B], tmax, t0 be calculated, as well as tjns , the time corresponding to the inflection
point in [B] as a function of time. Mathcad Symbolic Processor is used for the evaluation of
derivatives. The expressions obtained are verified through interactive graphics. General
expressions are presented that allow ty,a and tjs to be calculated avoiding the "division by zero"
error when ki = ko.

Objective:
To apply the mathematical methods for function analysis to kinetic equations, obtaining
important information for describing a reaction system.
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Expressions for the time when [B] has its maximum
value and has an inflection point in the system: A— B—C

In a scheme of first order consecutive reactions, the expression for [B] in function of time is:

oKy a-kpt - kot Where kj and kpare the first order rate constants of
e

B(t) = P -e g the first and second step, respectively, and a= [A],.

Double click here to see the derivation of this equation

For the maximum of [B] the first derivative of B(t) becomes zero. In this way, the first step is
to obtain the expression for dB(t)/dt. For this task we use the Symbolic Processor of Mathcad.

d é a>k1 3 - k%t - ko%, {"’l;j_ k]_ _
mékz - o max maxﬂa =0 ylelds a><—(k2 - k]_) >(- k1>€‘Xp(- kl’tmax) + k2>exp(- k2>{max)) =0

If at any point this expression is zero, this is only because the term between parenthesis
including both exponential is zero. Cut and paste below that part of the obtained expression
and solve it for tyax

k exp( k >() K10 |n(iaﬁ(..j
a_ TR VAN €10 _ ) Ko o
o exp(- k1>() expétmax>(k1 kz)L |I’l(é kzb tmax>(kl k2) tex = (kle- ZKS)

(In version 7 and older of Mathcad, this last part of the work should be done "by hand".
In later versions the Symbolic Processor can manage the solution up to the end).

At an inflection point, the second derivative of the function is equal to zero. In order to obtain
the expression for the time when [B] inflects, a similar procedure as in the previous case is
followed: the second derivative d2B(t)/dt? is solved with the aid of the Symbolic Processor of
Mathcad,

2 & aky g- kpt - kotjnefl) . k ¥
d—zg—lée PAnf e 2 '"fgf =0 Yields ax—1€k12>exp(- k1>tinf) - k22>exp(- k2>tinf)E =0
dtjnf go- ki O (k2- k]_)

which means that: Sk %exp(- kpting) - ko2exp(- kating)§ =0
then, the relevant part of the expression obtained is solved for t;.

Inc—-=

sko
ti =222 Note that: tinf = 2tmax
ki- ko

Jorge A. Carrazana Garcia Univ. Santiago de Compostela
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A-B-C inflection & maximum in [B] 2

CONFIRMATION
(The equations used in the construction of these graphs are defined in the next page).
Concentration - time graph The general validity of the
0.55T obtained expressions can be
05T  tmax  tinf verified by changing the
& B() 0 gyt :
c— 0.44 values of ki and kpin the
emoll “g jagl green shaded areas below.
x Bmax O 033__
: - _: .
emolL” ‘g o8t —DATA—
oo
& Bint 0 0.22T mol -
7 a°f 1x— ki ° 1ss .
eémol “g 0177 L
¢ 0.117 1
ko° 1ss
0.0551
0 2 4 6 8
t, tmax: tinf RESU LTS
tmales t|nf:25
Graph of the derivatives o
0.18T Here itis
015+ tmax tinf demonstrated that the
5 0117 o
€ dgy 9 Ist derivative equals
¢ d + 0.074T zero at tmax
IS 1+ Jpp——
emol>4_ S @ 0.037T ”r’—
— td
& @ 0 ; , A , and that the
G —B(O 0 0.5 15 // P 25 3
¢ 00371 ’ oo
—— / 2nd derivative equals
Smob” be ¢ K4 9
emoirL S @074 / zero at tj¢
_—- /
-0.117T1 h /
Il
-0.15T /
/
1
-0.18— .
t
— First derivative of [B]
===+ Second derivative of [B]
Jorge A. Carrazana Garcia Univ. Santiago de Compostela
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A-B-C inflection & maximum in [B]

More general expressions are used for B(t), tmaxand, tj that avoid the "division by zero" error
when k; = ko The method for the derivation of such equations is presented in the following part,

the worksheet A-B-C k1=k2.

o kl a- k1>¢ - k2>¢r . )
50 ko - k1>a © i e 1 (kl k2) Double click here to see: A-B-C k1 = k2
a>k1>{>exp(- k1>{) otherwise
1 10
tmax © | 7o—yAinc—= if (kl1 k2) Bmax ° B(tmax) tfin © 8%max
(ki- ko)~ gkag
?Eig otherwise
ekig
2 a0 tfin
Binf © Blt; to O, — .. tfj
inf (lnf) 100 fin

tinf © | —Anc—= if (k! k
inf (kl' k2) n(ék2g ! ( 1 2)

?619 otherwise

ekig

=
o

m @_ < | Ex&Ref

S
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Expressions for the time when [B] has its maximum
value and has an inflection point in the system: A— B—C

Exercises:

The dependence of [C] with time in the system A - B - C, has an inflection point.
Find the equation for calculating the time corresponding to this point. Compare with the
equations obtained in the worksheet.

Apply the method used in the worksheet to the system A = B - c. Compare the
equations obtained for this system with those for A - B - ¢. Comment on the results.

The analytical equations for [A], [B] and [C] in the system A =B - C
can be found in any of the references below and in the worksheet: A=B-C exact & numerical

References:
C. W. Pyun, "Seady-State and Equilibrium Approximations in Chemical Kinetics',
J. Chem. Ed., V0l.48, pp. 194 - 196, March 1971.

V. Viossat and R. I. Ben-Alm, "A Test of the Validity of Steady State and Equilibrium Approximations
in Chemical Kinetics', J. Chem. Ed., Vol. 70, No. 9, pp. 732 - 738, Sept. 1993.
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General Kinetic Expressions for the System: A— B—C

Considering the case when k; =k,

The method is developed that allows general equations to be obtained that avoid the singularity
error presented in several important kinetics equations for the systems under study. Mathcad
Symbolic Processor is used in the evaluation of limits and derivatives. The presented method is
applicable to other important equations used in the description of the system A - B - C, as well
as for the A = B - Cc and other related kinetic schemes.

Objective:

To solve indeterminate forms in kinetics equations, using Calculus methods and automatic
symbolic processing.
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General Kinetic Expressions for the System:
Considering the case when k; =k,

A— B—C

k]_ a- k1>¢ - kz‘{"l

Double click here to see the derivation

For the intermediate:

B(t) = aee -e
(® — e ¢

of the equations for B(t) and C(t)

2- K1

The singularity error when ky = kq can be avoided:

) applying L'Hopital's rule step-by-step : lim ?éﬁg’ = lim ?éﬂ?
x® a€dX¥ @ x® aCUkX) @
. - k - koR¢ k -
taking (k) =kpage L -e 24 idky) —Ekyepee e
2

ofko) = d—(kz ki) ® gikg) = 1

and g(kz) = (k2 - k]_) d

k1>a>{>exp(- k2>{)
1

then becomes  kpetexp(-kpt) Wwhen  ky=kg

or, Il) directly, using the Mathcad Symbolic Processor to evaluate the limit;

. é kg a-kpt - kot .
lim &———sage ~ -e ° }}' yields kpexp(- kpt)ba
ky® kg €K2- K1 0

This last method will be applied in all the following cases:

ﬁ e - koe kl)tgtl
For the product: C(t) = a>g:1 + , 1 2 o
& Kz - ki d
k1>¢CLLI
* - koe .
lim ¢a>s:1+ ;ﬁl 2 ¢ Yields a{exp(kpt) - kot - 1)>exp(- k)
K® k& 8 @& k2 - ki @x
The time for [B] e = ;xnﬁéﬂg
(k1- ko) " gkog
lim 1 xn‘?_éﬂ‘_? yields =
ko, ® Ky (ki- ko)~ gkog kq
The time for the inflection in [B] tinf = 2 Xn?ﬂ&?
(k1- ko) kg
lim 2 xn‘?_éﬂ‘_? yields 2
ko, ® Ky (ki- ko)~ gkog kq

2 ® 1ike) = kpavexp(- k)

Jorge A. Carrazana Garcia
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A-B-Ckl=k2

Then, the following are general equations that avoid the singularity point
and work with all possible values of rate constants in this reaction scheme:

B(t) = if (ky = ko), (exp(- kpt)teky) E——age - e e
é ge- ki ad
. kot KRR
: , pe C o -kpe Lt
C(t) = if &k = kp), g@{exp(kpx) - kot - 1)exp(- kpt)y, zagl + ¢ 200
é ee e Kz - ki @0
€ 5€ 1 aK1aN He 2 a&1aGN
tmax = |fé(k1 = k2) ?el 9 é—*nc—gl’ll’l tinf = |fF(k1 kz) ?BEQ,@_X (‘—}IH
8 ekig ek ko) ekog 8 ekig ek ko) ekogi
Al m rh more clear w k -kt - kot
ess co pact but pe haps more clear way B(t) = 1 ode ft gkt (ka® k)
for defining these functions is using the ko - kg
Mathcad's programming structure, as in the akptexp(- kpt) otherwise
example in the right:
I’ TOC @ Info Ex & Ref
I 25
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General Kinetic Expressions for the System: A— B—C

Considering the case when k; =k,

Exercises:

Apply the method used in the worksheet to the system A = B - C. Compare the
equations obtained for this system with those in A - B - C. Analyze the practical conditions
required for the equations for A = B - C, to give the singularity error.

The analytical equations for [A], [B] and [C] in the system A =B - C
can be found in the last two references below and in the worksheet: A=B-C exact & numerical

L'Hépital's rule has a number of other applications in Chemical Kinetics.
Mathcad can help you to find the expressions for the derivatives and limits.

Consider, for example, the following case.

if: ? =k{a- x> isa particular case of : ? =kf(a- X)¥b- x) (when the initial
t ! concs. are equal)
then, the solution N s.ho.u.ld be the ! >¢n§b>(a' N0 kot (when a— b)
a-x a limiting case of: a-b éaxb-x0

Demonstrate the above statement by the two methods: evaluating the limit and applying
the L'HOpital's rule step-by-step.

References:
C. W. Pyun and I. Lipschitz, "Resolution of indeter minate formsin Chemical Kinetics',
J. Chem. Ed., Vol. 53, pp. 293 - 294, May 1976.

C. W. Pyun, "Seady-State and Equilibrium Approximations in Chemical Kinetics',
J. Chem. Ed., V0l.48, pp. 194 - 196, March 1971.

V. Viossat and R. . Ben-Alm, "A Test of the Validity of Steady State and Equilibrium Approximations
in Chemical Kinetics', J. Chem. Ed., Vol. 70, No. 9, pp. 732 - 738, Sept. 1993.
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Comparison of the Exact Solution with — —
the Steady State Approximation for: A B c

An approximate expression is obtained for [B] in the system A - B - C, applying the Steady
State Approximation. By means of an interactive graph the behavior of the approximate

equation is compared with the exact analytical equation for the concentration of B as a function
of time. The analysis of different cases allows important conclusions to be made concerning the
conditions of applicability of the Steady State Approximation to this system.

Objective:

To evaluate, by means of an interactive graph, the Steady State Approximation, applying it to
a system where the exact analytical solution is known.
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Comparison of the Exact Solution with — —
the Steady State Approximation for: A B c

For this system, the analytical equations that describe the exact time dependence of the
concentrations are:

p - kot Kt
- kot aky g - kpt - kot 8 aye 2. koe ! $

A(t) = a¢ B(t) = xe -e ¢ C(t)=a¢l + ¢ e
ko - kg g e ko - kg d

Double click here to see the derivation of these equations

Where k; and ko are the first order rate constants of the first and second step,
respectively, and a= [A],,

On the other hand, the Steady State Approximation g—t[B] =0

applied to the intermediate of the outlined mechanism, implies that for B:

o o . k1
on= ion thatistosay, kp{A] =kx»{B] then: [B] =—x{A
A Vformation = & Veonsumption Y, kp{A] =k{B] [B] ko AA]

o : : . . k - Kkt
Substituting in this expression the equation for A(t) yields: B(t) == k—1>Sa>e v
2

This allows the dependence of [B] with time to be calculated, according to the Steady State
Approximation.

Now we are able to compare the result predicted by the Steady State Approximation for the
dependence of [B] with time to the variation calculated by the exact analytical equation.
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A-B-C steady state approximation 2

Steady State, a good approximation?

Parameters for the construction of the graph: tsn:= (kixn?éﬂﬁ’ t := Omin, 0.02tfip.. tfin

1- ko) gkog
a0 01M9
L

A-B-C: Exact Vs. Steady State solution

......

Bss(t)  0.0517

oo e 004T *

(moisL” %) 003T

]
]
]
]
0.02T:
]
]
]
]

0017 , >,

® & » [B] Steady State prediction
=== [C]

ki © Imin T kp© 1.01%;

By changing the relative values of k; and k, the different cases can be explored, checking when
the Steady State Approximation reproduces the behavior of the system predicted by the
exact equations.
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A-B-C steady state approximation 3

PARTICULAR CASES

The result should show that when the system satisfies the condition that k,3 50%;, the
expression derived from the Steady State Approximation offers very similar results to those of
the exact equation. In this case we observe that the intermediate hardly accumulates; it reacts
quickly after being formed. After a very short "induction period” the state is reached where d[B]/dt
is approximately zero, in comparison with the slopes of the concentration curves of the other
species.

Under these conditions the Steady State Approximation is a good approach.

If, for example, kp = 2%, the result is different to the previous case. The accumulation of the
intermediate is observed, and the Steady State condition for B (d[B]/dt = 0) is only approximately
accomplished after very long times, when the reaction is practically completed.

Under these conditions the Steady State Approximation is a bad approach.

We have shown that in the reaction scheme A® B ® C where both steps follow first order
kinetics, for the the Steady State Approximation to give good results, it is not sufficient that kp
is simply larger than k4, but rather it is required that k, >> kq, namely a factor of 50 or more
larger.

In addition, the Steady State Approximation never makes good predictions when t » O
(during the so called "induction period"). For example, during the induction period graphs

show that ?@%9 <oand ([BDy* O both of which are erroneous predictions.
€ 4-0
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Comparison of the Exact Solution with — —
the Steady State Approximation for: A B c

Exercise:

Applying the Steady State Approximation to the system A - B - C, find the equation for
[Clss(t). Modify the worksheet to perform an interactive graphical comparison between the

exact and approximate dependencies of [C], and use it for examine the validity of this
approximation to different particular cases.

References:

V. Viossat and R. I. Ben-Alm, "Validity of the Quasi-Stationary-State Approximation in the Case of Two
Successive Reversible First-Order Reactions”, J. Chem. Ed., Vol. 75, No. 9, pp. 1165 - 1169, Sept. 1998.

C. W. Pyun, "Seady-Sate and Equilibrium Approximations in Chemical Kinetics',
J. Chem. Ed., V0l.48, pp. 194 - 196, March 1971.

V. Viossat and R. I. Ben-Alm, "A Test of the Validity of Seady Sate and Equilibrium Approximations
in Chemical Kinetics', J. Chem. Ed., Vol. 70, No. 9, pp. 732 - 738, Sept. 1993.

G. |. Gellene, " Application of Kinetic Approximatiostothe A = B - C Reaction System",
J. Chem. Ed., Vol. 72, No. 3, pp. 196 - 199, March 1995.

L. Volk, W. Richardson, K. H. Lau, M. Hall and S. H. Lin, "Steady Sate and Equilibrium
Approximations in Reaction Kinetics", J. Chem. Ed., Vol 54, No. 2, pp. 95 - 97, Feb. 1977.
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Comparison of the Exact Solution
with the Steady State and pre-Equilibriuim

= —_—
Approximations for the system: A B C

The concentration - time dependencies predicted by the Steady State Approximation and for
the pre-Equilibrium Approximation are compared, through an interactive graph, with the exact
analytical solution for a reaction set of the type A = B - C. A systematic search exploring
different possible cases is proposed, and a table is presented with the results of 8 model
situations. This visual analysis allows the conditions of applicability of these approximate methods,
widely used in the study of reaction mechanisms in Chemical Kinetics, to be defined. The generic
nature of the procedure developed in this worksheet makes it is applicable to a wide range of
chemical mechanisms of interest, including enzymatic kinetics, reactions of industrial or
pharmacological importance, etc.

Objective:

To evaluate, by means of an interactive graph, the Steady State and pre-Equilibrium
Approximations, applying them to a system where the exact analytical solution is known.
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Comparison of the Exact Solution 1
with the Steady State and pre-Equilibrium A (_3 B = C
-1
Approximations for the system:

Initial concentrations (at t=0). [A],=1M a° 1mTOI and [B],=[C],=0
: . , tfi
Number of points and time interval to consider: Npts® 50 ti= o,Nf—'n - tin
pts

Exact Solution

pi=ki+k+ko q::,/p2-4k1>k2 |1::_I0'2q |2::p;q

p=17s™ q= 144575 | =1272s " | 5= 157285 "
é -1 1>¢ - 2>¢[‘ a*l a- I 1>¢ - 2>t(." k]_
At) = w(l2- ke T -(11-k)e ¢ B(Y) := e  -e ‘g eqi= —
l2-17 l2-11 K
As reference, the time to 2 20 x | -1t lq -1 0
. tref = Inc—-= C(t) == axl- * + <
double [B] .. is used lo2-11 glig g l2-11 lo-11 a

Approximate Solutions

k
Expressions for [B](t) according to: Steady State  Bg(t) := (kLWZ)
1t k2
and pre-Equilibrium Beg(t) := k1k>f°~(t)
-1

Errors, relative to the result obtained by the exact solution, for the values of [B] in e

predicted by both approximate methods.

B$(tref) - B(tref)

reference error, Steady State Errorgg:=

Beq(tref) - B(trer)
B(tref)

reference error, pre-Equilibrium  Errorey =
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A=B-C steady state & equilibrium approximations 2

RESULTS
kg ko
— =0.133 Errores =-7.8% — =1.429 Erroreq = 176.5% Keg =04
k 1 +ko kg +ki
1 1
A=B-C: Exact and Approximate solutions
17
.‘. -
A s T
1 ‘s - -
(mol>4_ ) 0.8+ /’,f
[ XX NN .. ,I
B(t) el
1 .'. i
(mol>4_ ) //’
ooooo O 6—— .~. /
Bs(t) . 7
\. /
(mol>4_' 1) ".. //
XX © //..
Beg(t e
€q 04t ,/ .....
(mol>4_ 1) /' "...
R "I ‘...
C(H ol
/- oo,
(mol>4_' 1) 0.2T ’I, '."..,
——— ’ e,
b o ’I ®e o, *eee,
S, T,
_."/ treve “"'0%-.-‘-...-..0.‘,‘. . e e
..// | | | | *ece e e e e e e are e e e e p e areig e i
0 0.2 0.4 0.6 0.8 1 12 14 1.6 18
t
s
XXX [A]
..... [B] exa:t
e e e [B] Steady State
< [B] pre-Equilibrium
=== [q]
k°2s 1 k058 T ko 10w tin® 25

Changing the values of the rate constants, all particular cases can be explored
(see next page). In some cases it could be necessary to adjust the final time too.
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A=B-C steady state & equilibrium approximations 3

Systematic study of particular cases

As we have seen in the study of the A® B ® C system, ky* 50%; can be reasonably used as a
reference condition for the validity of Steady State Approximation. Below, the results obtained
when the rate constants are systematically varied by a factor of 50 with respect to each other,

are detailed.
¢
€Case Kkq k—l ko
é
€y 101 1
é
&l 1 1 50
€ 1 50 1
é
&IV 5 1 1
€v 1 50 50
é
aVl 50 1 50
évil 50 50 1
(=
&Il 50 50 50

Click here to see

géErrOFssQ fe kg (_) géErrorqu ?e k2 0 eqLL‘J A-B-C steady state
e % ﬂék—1+k2bé % gék1+k1g a
-16.4 0.5 67.2 0.5 1 3
-1.9 0.02 4900 25 10
-0.02 0.02 2 0.02 002U
-48.2 25 3.7 0.02 503
-0.51 0.01 99 0.98 0.02u
-48.7 0.98 2500 0.98 50 H
-1 0.98 1 0.01 14
-15.9 0.5 68.2 05 10

The change in the appearance of the graph can be substantial for different situations.
However, by observing the coincidence between the traces drawn using the exact and
approximate equations and the numerical result values, the following general observations can
be made about the validity of Steady State and pre-Equilibrium Approximations:

Steady State valid when:

pre-Equilibrium valid when:

Both approximations work:

(k_l + k2) >> kg

(kg + ki) > ke

Cases I, 1l and V.

Cases I, IV and VII.

k 4 >>kp Cases lll, and VIl. Here B® Beg (see equations).

o 2 3
No approximation works: Cases VI, and 1 » Vill. This implies - =28.6% Of 5 =375%

of all the mathematical possibilities (!).
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A=B-C steady state & equilibrium approximations

Analysis

The chemical applicability condition for the Steady State Approximation in this system includes
the fast consumption of B, not only in the forward direction (very reactive intermediate) but here
the backward decay is also important (unstable intermediate). In fact, a large (k_1 / kl) ratio can
compensate low (k2 / kl), or both can collaborate (k_l + k2) >> kq to give a quick disappearance of B.

The "rapid equilibrium” (a kinetic requisite) required for the pre-Equilibrium Approximation to be
applied, is independent of a large value of Key(a thermodynamic parameter). Cases where this

approach makes good predictions can be associated with large as well as with moderate or even
small values of Keq The fundamental concept here is that, at least one of the rate constants in

k
Keg = k—l must be large compared to the rate constant of the second step.
1

Following visual analysis of the graph and numerical results, a systematic study of particular
cases leads to the conclusion that working with a chemical system which can be modeled by a
scheme of the type A = B - C, the majority of the situations can be successfully managed with
the Steady State Approximation and/or with the pre-Equilibrium Approximation. Nevertheless,
must be recognized that there is a non-negligible proportion of cases in which neither of these
approximate methods work well. And the chemist, of course, can not choose the relationship
between rate constants in a real reaction!
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Comparison of the Exact Solution
with the Steady State and pre-Equilibrium
AzZ=ZB —C

Approximations for the system:

Exercises:

Find the equations used in the worksheet for Bg(t) and for Be(t).

The reference condition found in the previous worksheet, when exploring the
applicability of Steady State Approximation to the system A - B - C, iS ko 3 50%;. Now, in the
system A = B - C explore situations with, for example, (k_j » kp) » (10k;) where such a
condition is not fulfilled. Comment on the results

The case with rate constants in the relation: k; = 50, k_1 =50and k, = 1 belongs to the
interesting kind of situations where the Steady State Approximation works well even though

the algebraic definition of "steady state" for B: ?@%9» 0 is not satisfied. Explore this case
e @

with the graph and comment on the results.

References:
V. Viossat and R. I. Ben-Alm, "Validity of the Quasi-Stationary-State approximation in the case of two
successive reversible first-order reactions’, J. Chem. Ed., Vol. 75, No. 9, pp. 1165 - 1169, Sept. 1998.

C. W. Pyun, "Seady-Sate and Equilibrium approximations in Chemical Kinetics",
J. Chem. Ed., V0l.48, pp. 194 - 196, March 1971.

V. Viossat and R. I. Ben-Alm, "A test of the validity of Seady Sate and Equilibrium approximations
in Chemical Kinetics', J. Chem. Ed., Vol. 70, No. 9, pp. 732 - 738, Sept. 1993.

G. |. Gellene, "Application of Kinetic approximationsto the A = B - C reaction system",
J. Chem. Ed., Vol. 72, No. 3, pp. 196 - 199, March 1995.

L. Volk, W. Richardson, K. H. Lau, M. Hall and S. H. Lin, "Steady Sate and Equilibrium
approximations in Reaction Kinetics', J. Chem. Ed., Vol 54, No. 2, pp. 95 - 97, Feb. 1977.
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Comparison of the exact Analytical Solution
with the Numerical Solution for the system: A (—E B > C

The Mathcad numerical method for solving ordinary differential equations is presented, with
application to the kinetic analysis of a reaction scheme of the type A = B - C. Through an
interactive graph and by means of a table of values, the results calculated numerically are
compared with those obtained by the exact analytical equations of concentrations as a function
of time for this system. This Mathcad worksheet allows a similar analysis to reactions of the type
A-B, A=B and A - B - C, to be applied as particular cases of the implemented general model.
In all the practical cases it is proven that the accuracy offered by the numeric method is
sufficient. This conclusion is reflected directly in the following worksheet, which makes intensive
use of the Mathcad ODE-solver.

Objective:

To evaluate, numerically and by means of an interactive graph, the usefulness of Mathcad
ODE-solver in Chemical Kinetics, applying it to a system with known analytical solution.
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Comparison of the exact Analytical Solution
with the Numerical Solution for the system:

AZ=2B>C

Analytical Solution

p=ki+k q+k

p=5 q=4.123
| 2>¢[‘
At) = w(l2- ke T -(11-k)e ¢
l2-11
t.
t:= o,ﬂ..tfin
Npts

Numerical Solution

/ 2
q:=p - 4kpko

Il_IO-q |2_I0+q
2 2
| 1 =0.438 | 5= 4562
1 a-1q% | o%¢
B(t) := xe Yle zg
l2-11
® I -t I 1 - 1 %0
C(t) == ax¢l - e o+ zs
e 2-11 l2-11 o

Differential equations

for the reacting system Defining:
d[A] Differential egns. in Mathcad format
—— =-kp{A] + k_1{B] Xo = [Al
dt g - k1>9<0 + k_1>9<1 H d[A]/dt
Xy = [B] — B - (K ko) U
“L =kl - (kg + gl D0 = g (kg vty diela
X, = [C] & kX 0 diCldt
d[C]
—= =kp{B
dt 21B]
Starting point for the numerical £9 [Alo =a
ODE-solver (at t=0) a° 1 X = go_; Blp=0
€0g[C],=0
Number of points to consider in the calculation:  Npts° 50 i:= 0..Npts

Solution to the ODEs system (Runge-Kutta with adaptive step size method)

S:= Rkadapt(x,o,tfin,Npts,D)

Extraction of concentration - time values: tyym:=

& éi & &
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A=B-C exact & numerical solutions 2

RESULTS
Numerical Vs. Analytical Solutions
1
08T
s 06T
s
@
2
8
04T
02T
0 1 2 3 4 5 6 7 8 9 10
time
— [A] analytical solution
¢ [A] numerical solution
— [B] analytical solution
OO0 [B] numerical solution
— [C] analytical solution
oo [C] numerical solution
kp°1 kq1°2 ky© 2 tfin © 10

By changing below the values of the kq, k_; and k, different situations can be explored. In some
cases it could be necessary to adjust tsj, too.

Reactions like: A — B, kp* 0 k1=0 kr=0
A=8B k110 k_110 k2:0
and A—=>B—>C kit 0 k=0 ko1 0
can be modeled here as particular cases
of A= B—C kpt O k0 kp® O
Jorge A. Carrazana Garcia Univ. Santiago de Compostela
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At) = Anumi =
1.000000 1.000000
0.845979 0.845979
0.746817 0.746817
0.672818 0.672818
0.611794 0.611793
0.558608 0.558608
0.510978 0.510978
0.467785 0.467785
0.428395 0.428395
0.392382 0.392382
0.359420 0.359420
0.329238 0.329238
0.301593 0.301593
0.276272 0.276272
0.253077 0.253077
0.231830 0.231830
0.212367 0.212367
0.194537 0.194537
0.178205 0.178205
0.163244 0.163244
0.149539 0.149539
0.136984 0.136984
0.125484 0.125484
0.114949 0.114949
0.105298 0.105298
0.096458 0.096458
0.088360 0.088360
0.080942 0.080942
0.074146 0.074146
0.067921 0.067921
0.062219 0.062219
0.056996 0.056996
0.052210 0.052210
0.047827 0.047827
0.043812 0.043812
0.040134 0.040134
0.036764 0.036764
0.033678 0.033678
0.030850 0.030850
0.028260 0.028260
0.025888 0.025888

A=B-C exact & numerical solutions

The singularity when 1 ; =1 , can be managed in the same way as in

A-B-C k1=Kk2

On the left, both the analytical and numerical solutions for the
starting species are shown. The table can be used to discover
the difference in the values calculated at any time on the graph

on the previous page.

It can be observed that in all cases the coincidence is sufficiently
good to consider the numerical solution as not only "similar", but
as a very good approximation to the exact analytical solution.
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Comparison of the exact Analytical Solution
with the Numerical Solution for the system: A <(—E B > C

Exercises:

Use the Mathcad ODE-solver for simulating an enzyme kinetics experiment using the
following data: initial concentrations ¢Substrateq = 1mM and ¢Enzymegy = 0.01mM, rate

constants
K1=0ZmM ns , K 1=0.04n8 ana ko =0.0lns . FOIIOW TNe INSTructons given In Bruists paper and

use the concentration - time graph for obtaining the necessary values, and calculate the
Michaelis - Menten parameters (vy,,x and K,,) that characterize this system.

Apply the method used in the worksheet to the system A = B = C. The analytical
equations for [A], [B] and [C] in this system can be found in the Viossat's paper.

References:
R. R. Pavlis, "Kinetics without Steady State Approximations”, J. Chem. Ed., Vol. 74, No. 9, pp. 1139 - 1140, Sept. 1997.

S. W. Orchard and M. B. Mooiman, "Smulation of first-Order Kinetics mechanisms",
J. Chem. Ed., Val. 58, No. 5, pg. 409, May 1981.

M. F. Bruist, "Use of a Soreadsheet to Smulate Enzyme Kinetics', J. Chem. Ed., Val. 75, No. 3, pp. 372 - 375, March 1998.

V. Viossat and R. . Ben-Alm, "Validity of the Quasi-Sationary-Sate Approximation in the Case of Two
Successive Reversible First-Order Reactions”, J. Chem. Ed., Vol. 75, No. 9, pp. 1165 - 1169, Sept. 1998.

A very instructive set of documents on the applications of Mathcad numerical ODE-solver to Chemical Kineticsisthe
series by Flick Coleman, "Kinetics of Complex Reactions”, "The Steady Sate and Equilibrium Approximations.
Background Readings"' and "Kinetics of Complex Reactions - Seady State and Equilibrium Approximations”,
published in the web site :

http://bluehawk.monmouth.edu/~tzielins/mathcad/ (inthe Topic Areaclick on "Chemical Kinetics')
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Generalized Numerical Calculations for the Kinetic System
of Three Species Related to Each Other Through A —_ B
Elementary Reversible or Non-Reversible Reactions L

N\
\C/

It has been shown that Mathcad allows very exact solutions to be obtained in a simple and
effective way for systems of ordinary differential equations (ODE) that represent reaction
mechanisms. In this worksheet the Mathcad ODE-solver is applied to a general scheme of three
chemical species related to each other through elementary reversible or non-reversible
reactions. Assigning values to the appropriate rate constants and reaction orders, it is possible
to reproduce the mechanisms corresponding to the typical cases of "simple” and "complex”
reactions studied in Chemical Kinetics, without having to face the analytical solution. Although
the model implemented considers reactions involving only one reagent at each stage,
adaptation to other reaction schemes is readily achieved.

Objective:

To model a general system that includes most of the "simple" and "complex” reactions studied in
Chemical Kinetics and solve it using the Mathcad numerical ODE-solver, showing the results by
means of an interactive graph.
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Generalized Numerical Calculations for the Kinetic System
of Three Species Related to Each Other Through
Elementary Reversible or Non-Reversible Reactions

=
-

'
—

Defining: Starting point ~ ODE system for the complete mechanism C
' (at t=0) . N
e ng n3 m N3y
Xo = [Al ) ﬁk—l)(xl) * k3>(X2) - kl)(xo) - k—3>(xo) L g[aJ/dt
280 ? n n l:l
X,:=[B = G = = € M -1 n2 —Zl:l
1 (B] X (‘:b_: D(t,x) ék1>(XO) - k_1>(X1) - k2>(Xl) + k_2>(X2) G d[B/dt
C A -
X, = [C] €eco é

Solution to the ODE system and extraction of concentration values

S = Rkajapt(x,o,tﬂn, nptos, D) to= S&ﬁ
i L L
[A] = ST [B] = 2 [c]= 2
Concentration - time graph
s | |
08"
.".
[A] .
cesee 0.6 .
[B]
[C]
-—= 04[ s gl
IRRLTTIROS
.‘. /”
02 //
J /
/
2 /,
-. ,l
oLeZ | | | |
0 1 2 3 4

Changing the values of the appropriate data

(rate constants and reaction orders), all particular
cases can be explored (see next page).

In some cases it could be necessary to adjust the
final time and/or initial concentrations to obtain a
meaningful graph.

u
fe-k_s{xo)n‘3 +lofx) 7 kofxy) - k_2>(x2)n_26 d[Cldt

DATA

final time

.0
tin to explore

Init. Concentrations
[Alg [Blo [Clo

a°l b° o0 c°o0

Rate constant and Reaction
order for each reaction:

AU B klol n1°1
K1 ="ne" kq1°0 n1°1
BU C ko° 1 np° 1
Ko ="ne" k ,°0 n,°1
cO A kg° 1 nz°1
K3z ="ne" k3°0 nz°1

"ne" ="do not exist"

Number of points to consider
in the calculation: nys° 50

If any equilibrium exist, the corresponding equilibrium constant(s) have the value obtained below:

K1 0
Ky ©ifck_q =0,"ne" yk_—:

e -1g e

k2 0
K2 if ck_5 =0,"ne" yk_—:

—Zﬂ

K3 0
K3 ® ifck 3=0,"ne",—-

e k—3z
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Generalized Numerical Integrator for ABC System

Some of the Chemically Interesting Particular Cases: Kinetic description

A= B kgt O (k—l =kp=k p=kg= k_3) =0 one step irreversible

A=B kit 0 k4t 0 (k2 =k 5 =kg= k_3) =0 one step reversible

A>B and A C ka0 kg'o (k—l =kp=k 5= k3) =0 two parallel irreversible steps

AsB—oC k1t 0 ko* O (k—l =k o =k3z= k_3) =0 two consecutive irreversible steps

ASBoCoA,. ko ko ko (k—l =k p= k_3) =0 threeirreversible cyclic steps

AmBoC MOk w0 famhegoe TR

AsBeC kit 0 kot 0 k!0 (k—l =kg= k_3) =0  two consecutive: Ist step
irreversible and 2nd reversible

Ac=BeC kit 0 k110 ko, OkptO (k3 = k_3) =0 two consecutive steps,

both reversible

With this approach, numerical and graphical solutions for differential equations that represent
chemical mechanisms can be obtained in an easy and precise way. The use of the ODE-solver
allows one to avoid the often difficult determinaton of analytical solutions and can thus provide a
numerical solution even for cases in which no analytical solution exist. At the same time, it is
important to note that the numerical integrator even can solve systems of equations that have
no chemical sense.

For example, it is easily demonstrated that the "three cyclic irreversible steps” (the fifth case
propose above) achieves an equilibrium state, and the numerical integrator results can be
illustrated in the form of a convincing graph. However, detailed balancing requires that the
mechanism be formed by three reversible cyclic steps (see Moore and Pearson pg. 308) and
the rate constant must obey the relationship: kykpkz = k_3%k 5% 5 Other k's combination could
be associated with a numerical solutions that do not make chemical sense.

In conclusion, the numerical ODE-solvers are powerful tools, very useful in Chemical Kinetics,
but the chemist is the responsible of using any program correctly, to outline the problem
with chemical sense and of interpreting the results correctly.
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Exercises:

Use the worksheet to obtain the typical "simple” and "complex" reaction graphs:
A - B (irreversible), A = B (reversible), A - B - C (consecutive), A - B and A - C (parallel).
Try different reaction orders.

Alcohol absorption by our bodies is first- order with a rate constant kq = 10.4hr’ ! and this

step is followed by a zero-order metabolic oxidation of alcohol: kp = 0.16% (we here use the
r

Mathcad symbols for "grams" and "hours"). Consider a driver who drinks enough to reach an initial
concentration of 1gm/L of alcohol in his body. Use the worksheet and model the transit of
alcohol in the driver's body with an scheme A - B - C, where A = unabsorbed ethanol, B =
absorbed ethanol and C = ethanol oxidized (see Ball's paper). In the resulting graph, find the
time corresponding to the maximum alcohol in the blood and the time the driver should wait
before driving again (look up for the legal limit of alcohol in the bloodstream in your State).

The differential equations that represent the change of concentrations with time in this
system can be easily integrated "by hand" thanks to the circumstance that the second step is
zero-order (and don't forget the mass balance!). Find the analytical equations for [A], [B] , [C]
and ty;5y , and use them to answer the same questions as before. Compare the exact results
with those obtained using the numerical integrator.

One case of A ® B reactions not considered in the "general” model implemented in the
worksheet is the autocatalytic case. The differential equations for such a system are:

d[A] _
dt

(k1>{A] . kc>{A]>{B]) and d[B] = kp{A] + ko{A]AB] kc is the autocatalytic

dt rate constant

Use the Mathcad ODE solver to analyze this system. Vary the rate constants and the initial
concentrations to explore the variety of responses this system is capable of.

(Noggle, Example 10.6, pg. 211)
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